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I. Introduction  
 
We recently used a small cylinder with a high aspect ratio (L/r ~ 100)1 as an 

impedance probe in demonstrating the usefulness of network analyzers in plasma 
diagnostics in the absence of a magnetic field.   In that work we determined electron 
density and temperature (ne, Te), plasma potential, φp , and, the electron energy 
distribution, f(ε), using the same impedance probe techniques developed for spherical 
geometry and presented in studies using probes of varying sizes.2-5      It is well known 
that ne, Te  determined using Langmuir techniques to analyze the IV characteristic of a 
cylindrical probe can be affected by the presence of a magnetic field.   Magnetic field 
effects are a function of probe geometry, bulk plasma parameters and, the magnitude of 
the field itself.  With an impedance probe, electron plasma resonances are shifted to the 
upper hybrid frequency, ωuh, and measurements of ne using a probe of cylindrical 
geometry can be strongly affected by orientation with respect to B.  However, 
measurement of φp is not.  We present three-dimensional surface plots from which φp 
may be estimated for varying magnetic fields and probe angle with respect to the field.   
As in earlier notes, we will not repeat the theoretical framework but will present the 
equations used in the analysis with only a very brief description.  Large parts of the short 
theoretical basis which appears in Section II and the experimental procedure described in 
Section III are taken from earlier work.1 In addition Section IV.2 has been included for 
the sake of completeness in examining magnetic field effects on both impedance probes 
and Langmuir probes.  An Appendix is included to provide the theoretical basis of the 
restriction on applied frequency in determining φp as well as considerations related to 
limits on electron density using the current arrangement.  Those interested in the basis of 
cylindrical Langmuir probe theory in a magnetic field as well as plasma theory related to 
impedance probes presented in this Note are referred to earlier, more complete, 
treatments.6,7,10,11 

 
 
 
II. Theoretical Basis for determining φp 
 
 The experimental method using a network analyzer is based on determining the 
real and imaginary parts of the ac plasma impedance from the reflection coefficient2. The 
determination of plasma potential4, φp, along with the electron distribution function,  
f(ε)4,5 and electron temperature, Te

3 , requires that we operate in the frequency range  ωpi 

< ω <ωpe(r0), where ωpi is the ion plasma frequency, ω is the applied network analyzer 
frequency, and ωpe(r0) is the electron plasma frequency at the surface of the probe with 
radius r0.  The lower bound eliminates an ion contribution since the ions cannot respond 
at the higher frequency.  Also, electron resonant absorption2 is removed as a possibility 
since this occurs at a position where ω is equal to the plasma frequency at that location. 
Since the smallest value of ωpe(r) in the sheath region occurs for r = r0, or at the surface 
of the negatively biased probe, we require that ω be smaller than ωpe(r0) to construct the 
distribution function over as wide a range as possible.  The upper bound on energy is 
ultimately determined by the dc bias voltage at which ωpe(r0) = ωpi . In determining φp 
however, this restriction is relaxed since at plasma potential there is no sheath and the 
________________
Manuscript approved April 12, 2012. 
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plasma surrounding the probe is effectively simply the bulk plasma itself.  Hence in the 
region near this potential (but removed from floating potential) it is sufficient to use a 
frequency ω  ~ 0.1 ωpe where ωpe bulk plasma frequency.  (See the Appendix to this work 
for an estimate of ωpe(r0).)  Because of this frequency range, the ac ion current is small 
and the ac resistance is given by3,  
 
 

1( )e
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p

dI
R

dV
        (1) 

where Ie is the dc electron current at bias voltage Vp i.e., the total  ac current is now 
largely electron current.  The Druyvesteyn9 equation may then be expressed in terms of a 
first order derivative or,  
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and thus noise is reduced in the calculation of the distribution function, where Ap is the 
probe area, me is electron mass, and ε is the energy.  We note that in this expression there 
is no geometry dependence.  In addition, our earlier work3 demonstrates the relationship 
between the real part of the analyzer output and Rac, 

2
Re( ) .

1 ( )
ac

ac
ac ac

R
Z

R C



     (3) 

 
Therefore, in the frequency range given, and provided ωRacCac << 1, we have Re(Zac) ≈ 
Rac and  Re(Zac) from the network analyzer output can be directly used in place of Rac in 
Eqn (2).  This simplifies finding f(ε) by avoiding a calculation for Rac when reducing the 
data.   

 Since the basis for determining plasma potential is that d2Ie/dVp
2 vanishes at Vp = 

φp, 
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and finally, 
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Plots of the network analyzer output of Re(Zac) versus applied bias for frequencies 
in the range specified will then show a minimum at Vp = φp.  (Due to the dependence of 
f(ε) on dRac

-1/dVp seen in Eq (2) we are able to construct f(ε) in the vicinity of φp for small 
negative bias voltages and from this derive ne and Te as covered in earlier work cited 
above.)   
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III. Outline of Experimental Procedure 

 
 We refer the reader interested in the experimental details to the earlier works and 
only provide an outline of that same description here.   
 

The experiments were conducted using as a probe a stainless steel cylinder with 
length, L = 15 cm and radius, r = 0.16 cm which is connected to an  HP8735D Network 
Analyzer through 50 Ω coaxial cable which provides the driving signal.  This 
arrangement including the chamber, analyzer and the coupling circuitry is shown 
schematically in Reference 2.  The cylinder is mounted on a 1/4 inch diameter ceramic 
and steel support which is connected to 1/4 inch diameter semi-rigid copper 50 Ohm 
coaxial cable.  
 
 The determination of plasma impedance depends upon the network analyzer 
measurement of the complex reflection coefficient, Γ(ω).  The analyzer returns as 
separate outputs Re Zac(ω) and Im Zac(ω) where, 
 

                       0
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       (6) 

 
and Z0 (=50 Ω) is the internal impedance of the analyzer.  We also note that the ratio of 
reflected-to-total power is given by,  

  
2

0

rP

P
          (7) 

 
where P0 = PR + PT with PR and PT the reflected and transmitted powers, respectively. 
(The quantity 1- │Γ│2 is the normalized transmitted power and this output is also 
available).   
 
IV. Results and Discussion 
 
   

We examine a data set comprised of values of Re(Zac) for varying angle of the 
probe from 0 to π/2 with respect to B.  In addition, the magnetic field covered the range 
2-40 gauss and most data sets were taken using a set network analyzer frequency of 10 
MHz.  For these data  fpi ≈ 3 x 105  Hz  and   fpe(bulk plasma) ≈ 200 MHz.  We provide 
also two separate independent determinations of φp for comparison using: (1) an 
independent (small) Langmuir probe in addition to, (2) the (large) impedance probe itself 
swept as a Langmuir probe.   
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IV.1 Effect of B on impedance probe resonance 
 
For those cases in which the electron plasma frequency, fpe, is comparable to the 

electron cyclotron frequency, fce, the impedance probe resonance will occur at the upper 
hybrid frequency, fuh.  For comparison to our general plasma parameter regime we 
provide a plot of the ratio of fpe to fuh.  Each trace corresponds to a different plasma 
density.  As indicated in the legend the density varies from 107 to 109 cm-3.  Since the 
density range 108-109 cm-3 is most representative of the work here, we expect little effect 
on the determination of density from the primary resonance except at the highest field.   
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IV.2 Effect of B on cylindrical Langmuir probes 
 
With a cylindrical probe aligned along B, magnetic field effects under certain 

restrictions can decrease the collected electron current and therefore  Langmuir probe 
determination of density based on electron saturation current collection indicates an 
artificially lower bulk plasma value than is the actual case. Because of this, electron 
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temperature determinations can also be compromised since most fitting routines use the 
entire IV characteristic in the fit itself.  The effects of magnetic fields on both spheres and 
cylinders have been studied over the years6,7, and it is not the intention here to retrace that 
work although some general comments are appropriate when comparing to impedance 
probe measurements.  The magnitude of the effect depends on the electron gyroradius, re , 
in addition to the size and shape of the probe and its sheath.  In a thin sheath limit, and 
assuming the same applied bias, we expect generally less influence as a function of probe 
orientation with respect to B as probe radius, r, decreases with respect to re.  In the 
present case the sheath radius, rsh is estimated at 0.5 cm (assuming rsh ~ 5λD) while the 
cylinder radius is 0.16 cm or rsh > r.  Also, since re/r for a 2 gauss confining field is of 
order 10 for a typical Te of 1 eV, we expect less of an effect than would be the case for a 
lower ratio.  However, it has been shown for cylindrical probes that even when re > r 
magnetic fields can be important and, in addition, even extending to the case where rsh is 
comparable to re.

8 To avoid complications associated with inferring density from the 
electron saturation current when operating in a magnetic field using conventional analysis 
techniques, ion saturation current is often used instead where, 

0.5
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e

T
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m
      (8) 

The factor e-0.5 = e-eφ/Te arises from the density decrease at the sheath edge (where 
quasineutrality applies at the bulk plasma) to the pre-sheath.  With the ion flow velocity 
at the sheath edge taken as the ion sound speed, ion energy and flux conservation require 
approximately that e rsh  = Te/2 and the Boltzmann condition then allows, 
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      (9) 

 
Since the ion gyroradius is typically much larger than probe dimensions, and if the sheath 
is small, there is no effect on Iion from a large range of magnetic field magnitudes. i.e., the 
ions are unmagnetized. The value determined however may still be compromised by the 
structure of the fitting routine used to analyze the characteristic i.e., density determined 
from even the ion saturation level can be incorrect since the data reduction technique 
typically applies a fit to the entire IV characteristic, a portion of which is the electron 
saturation current region.  Also, the existence of a high energy electron component added 
to the bulk population can complicate this analysis8 but for a MB distribution the analysis 
is justified. 
 
 
  
 

 
 
IV.3  Re(Zac)  vs Vbias at fixed frequencies  
 
We plot in Figures 1 and 2 different views of Re(Zac) vs Vbias at fixed frequencies.  

The plots from which plasma potential is obtained as described in the earlier works cited 
are shown in Figure 1.  Also, these are the primary plots from which the values of Re(Zac) 
are derived for use in the construction of f(ε).  Figure 2 is presented as 3D contours to 
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show in one figure the dependence of the minimum on both the magnitude of B and the 
angle of the probe with respect to B.  The contour levels are chosen to be fairly wide to 
indicate the general level of φp in a different view and to make the contours showing 
dependences on B and the angle smoother.  The values themselves are more easily 
determined in the plots of Figure 1.  The local minima at roughly 2 volts in these figures 
are consistent with the determination of Vp from a Langmuir probe-based characteristic 
analysis with the exception of the field-aligned probe for B greater than 10 gauss. (For 
increasing B, current collected by the probe when field-aligned is, in the absence of 
collisions, reduced considerably because of the reduced cross-section.  At some point this 
current becomes negligible and therefore determination of Rac undefined.  In plots shown 
in Figure 1 this begins at 20 gauss or at rLe ~ 0.1 cm and continues into the higher field 
region plots.)  In addition, Figures 3 and 4 show plasma potential as measured by 
sweeping both the impedance probe (Figure 3) and a small Langmuir probe during the 
angular variation period (Figure 4) at differing fields.  The latter measurement was taken 
for an independent comparison mainly to determine whether the variations measured in 
φp are due to angular and field magnitude variations, or a characteristic variation of the 
plasma over the time interval necessary to perform the measurements on the primary 
(large) probe being studied.  Since these variations appear to closely follow both 
impedance probe determinations of φp, along with Langmuir sweeps of the same probe 
using a conventional algorithm which searches for a peak in the 2nd derivative, we are 
inclined to conclude that the variations seen are actual plasma frequency variations which 
may be influenced by the field but do not appear to be a function of the probe angle with 
respect to the field.  Our conclusion from these observations is that for the electron 
density and temperatures selected, the determination of φp is not influenced by the probe 
geometry, the magnitude of B or the angle with respect to the field. 

 
 

V. Summary 
 
 Over the past three years using spheres of different sizes as rf impedance probes, 
we have developed a technique which includes determining plasma potential and the 
electron distribution function.  The theoretical basis for this work found in the references 
suggests that the technique is, to a large degree, independent of probe geometry.  The 
work presented here, using a cylindrical probe with a high-aspect ratio, is consistent with 
this conclusion. 
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VI. Figure Captions 
 
Figure 1 – 2D plots of the Re(Zac) for varying angles with respect to magnetic field, B,  
and different probe bias levels.  Each plot is for a different B varying from 2 gauss to 40 
gauss.  The plots may be compared to Figure 2 below.  As the angle decreases at the 
higher field strengths, it can be seen that the minimum in Re(Zac) is less well-defined and 
is not seen at all at the position of greatest field alignment (θ = 0).  This particular feature 
is not easily discernible in the 3D surface plots of Figure 2. 
 
Figure 2 – 3D-Surface plots of the Re(Zac) for varying angles with respect to magnetic 
field, B,  and different probe bias levels.  Each plot is for a different B varying from 2 
gauss to 40 gauss.  The plots have been structured to give broad areas showing minima as 
predicted by theory.    
 
Figure 3 – A plot of plasma potential, φp, as measured by a small Langmuir probe in the 
approximate area of the large probe during variation of the orientation of the large probe 
with respect to B. 
 
 
Figure 4 – A plot of plasma potential, φp, as measured by the large impedance probe 
when used as a Langmuir probe during variation of the orientation with respect to B. 
 
Figure 5 – A plot of Re(Zac) vs probe bias for varying densities.  Included also is a plot of 
plasma potential as determined by conventional Langmuir probe sweep analysis of the 
same probe.  The run number given as the abscissa of the plot of plasma potential 
corresponds to one of the five densities beginning with the highest (4.5 x107 cm-3) and 
proceeding to the lowest (7 x 105 cm-3) 
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VII. Appendix 
 
On an estimate of ωpe(r0)

10,11 
 
 Although the determination of plasma potential is not subject to such stringent 
conditions on the upper frequency bound as mentioned above, it is useful to provide an 
estimate of density at the probe surface when determining the possibility of constructing 
f(ε) for parameter regimes including densities of 108 cm-3 and lower.  Often the 
requirement for low density plasmas and low temperature electrons can severely limit the 
usefulness of this technique in determining f(ε) because of noise problems associated with 
interpreting network analyzer results at low frequencies.  The estimates in this section 
apply for a planar and not a spherical probe.  The results however remain valid in the thin 
sheath limit 
 

We assume collisionless plasma and that the ion flux into the plasma sheath is 
given by, 
 

e
s B s

kT
n v n

M
        A.1 

 
where vB is the Bohm speed, M is ion mass, and ns is ion density at the sheath edge.  In 
shortened form, 
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with Te  in eV and μ is ion mass in amu.  The electron speed at the probe is, 
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From the Boltzmann relation, the density at the probe is, 
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       A.4 

 
where Vs is the voltage drop from the probe surface to the sheath edge and r0 is the probe 
radius assuming a spherical probe.  When the probe is at floating potential, ion and 
electron currents are equal by definition and we find, 
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(We point out here that the actual equation of Vs for a spherical probe includes a 
geometric factor –2Te ln(rs/r0) with rs > r0 being the sheath radius.  This factor which is 
small compared to the lead term in Eqn (A.5) arises because the total ion flux is given by 
nsvB(4πrs

2) while the electron flux is ns ve (4πr0
2) e-Vs/Te.) 

 
For argon (M=40 amu) the log factor is ~ 9.38 .   Assuming 1 eV electrons we find  
Vs/Te ~ 4.7 or n(r0) ~ .009ns.  If the probe is biased more negative from floating potential 
this estimate of density at the probe would decrease even further.  We note that in the 
present case for a plasma of density 5 x 108 cm-3 as representative, fpe ~ 200 MHz.  This 
would imply from above that fpe(r0) ~ 1.9 MHz.  For lower Te, the upper bound on 
applied frequency is more restrictive.  Once again this estimate of the upper limit applies 
primarily to construction of f(ε) from the plots of Rac vs Vbias  
 
On impedance issues as a function of density 
 

We plot in Figure 5 an illustration of an effect of varying electron density on the 
determination of φp using the method outlined.  In this case we continued using a sweep 
frequency of 10 MHz which for the densities used in the Figures above is appropriate as 
discussed earlier.  However, for the two lower density levels in Figure 5, 10 MHz is too 
high for the probe geometry based on theoretical estimates. (Note that fpe ~ 9 MHz at a 
density of ne = 106 cm-3 .  Since at plasma potential there is no sheath, this would imply 
from the earlier work2 that the applied frequency should be no greater than 2-3 MHz to 
avoid resonant absorption issues with the bulk plasma. Further considerations on the limit 
of this frequency versus probe size and electron density will follow in a separate analysis 
in a future work.)  Given the restriction that the frequency should have been lower, it is 
nevertheless clear from this plot that for the final two densities (ne = 2.7 x 106 cm-3 and 
7.0 x 105 cm-3), it is not possible to determine a minimum in the noisy traces.  The 
purpose in presenting this in spite of the frequency issue is to illustrate another problem 
area which arises at lower densities (as in space) and is related to the output impedance of 
the network analyzer.  As the electron density decreases, the dc impedance of the probe 
to the plasma increases.  To the point that high kohm levels of  the dc impedance are 
observed as seen in Figure 5.  Since the output impedance of the network analyzer is 50 
ohms there is a large mismatch.  As a result, the signal-to-noise ratio as a function of 
applied voltage decreases as well.    This suggests that since 50 Ohms is a characteristic 
impedance of many laboratory instruments including the network analyzer, a circuit 
which supplies a higher input impedance may be necessary in order to use these analysis 
techniques in low density plasma.  We are currently working toward a solution of this 
problem. 
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IX. Figures 
 

ReZ vs Vbias at 10 MHz and 2 gauss for varying angles

with respect to B - 100 to 1 cylinder - 10/03/2011 data

Vbias - volts

-2 -1 0 1 2 3 4

R
eZ

 -
 O

hm
s

0

50

100

150

200

250

300

350

400

Vbias vs ReZ-90-2g 
Vbias vs ReZ-75-2g 
Vbias vs ReZ-60-2g 
Vbias vs ReZ-45-2g 
Vbias vs ReZ-30-2g 
Vbias vs ReZ-15-2g 
Vbias vs ReZ-0-2g 

0 1 2 3 4

0

50

100

150

200

250

300

350

400

Vbias vs ReZ-90-10g 
Vbias vs ReZ-75-10g 
Vbias vs ReZ-60-10g 
Vbias vs ReZ-45-10g 
Vbias vs ReZ-30-10g 
Vbias vs ReZ-15-10g 
Vbias vs ReZ-0-10g 

ReZ vs Vbias at 10 MHz and 10 gauss for varying angles

with respect to B - 100 to 1 cylinder - 10/03/2011 data

R
e

Z
 -

 O
hm

s

Vbias - volts

 
 
 
 

-2 -1 0 1 2 3 4

50

100

150

200

250

300

350

400

Vbias vs ReZ-90-20g 
Vbias vs ReZ-75-20g 
Vbias vs ReZ-60-20g 
Vbias vs ReZ-45-20g 
Vbias vs ReZ-30-20g 
Vbias vs ReZ-15-20g 
Vbias vs ReZ-0-20g 

ReZ vs Vbias at 10 MHz and 20 gauss for varying angles

with respect to B - 100 to 1 cylinder - 10/03/2011 data

R
eZ

 -
 O

hm
s

Vbias - volts

-2 -1 0 1 2 3 4

50

100

150

200

250

300

350

400

Plot 1 
Vbias vs ReZ-0-30g 
Vbias vs ReZ-15-30g 
Vbias vs ReZ-30-30g 
Vbias vs ReZ-45-30g 
Vbias vs ReZ-60-30g 
Vbias vs ReZ-75-30g 
Vbias vs ReZ-90-30g 

ReZ vs Vbias at 10 MHz and 30 gauss for varying angles

with respect to B - 100 to 1 cylinder - 10/03/2011 data

R
e

Z
 -

 O
h

m
s

Vbias - volts

 
 

-2 -1 0 1 2 3 4

0

100

200

300

400

500

600

700

800

Vbias vs ReZ-90-40g 
Vbias vs ReZ-75-40g 
Vbias vs ReZ-60-40g 
Vbias vs ReZ-45-40g 
Vbias vs ReZ-30-40g 
Vbias vs ReZ-15-40g 
Vbias vs ReZ-0-40g 

ReZ vs Vbias at 10 MHz and 40 gauss for varying angles

with respect to B - 100 to 1 cylinder - 10/03/2011 data

R
eZ

 -
 O

hm
s

Vbias - volts

Figure 1 



 12

 

0
20

40

60

80

50

100

150

200

250

1.0 1.5 2.0 2.5 3.0 3.5 4.0

B = 2 gauss

R
eZ

 -
 O

h
m

s

bias - Volts

angle - degrees

0
20
40

60

80

100

150

200

250

300

350

1.0 1.5 2.0 2.5 3.0 3.5 4.0

B = 10 gauss

R
eZ

 -
 O

hm
s

bias - Volts

angle - degrees

 

0

20

40

60

80

200

300

400

500

600

1.0
1.5

2.0
2.5

3.0
3.5

4.0

B = 20 gauss

R
eZ

 -
 O

hm
s

bias - Volts

angle - degrees

0
20

40

60

80

200

300

400

500

600

1.0
1.5 2.0 2.5 3.0 3.5 4.0

bias - Volts

B = 30 gauss

R
eZ

 -
 V

o
lt

s

angle - degrees

 
 
  
 

0

20

40

60

80

200

300

400

500

600

700

1.0
1.5

2.0
2.5

3.0
3.5

4.0

B = 40 gauss

R
eZ

 -
 O

hm
s

bias - Volts

angle - degrees

 
 
        Figure 2                         



 13

 
     
 
 
 
 

Vp (measured by small probe) during variation of 
           large probe angle with respect to B
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Vp vs angle for varying B - large probe
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Re(Zac) vs Vbias for varying density - 04042012 data
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